We investigate bicomplex Hamiltonian systems in the framework of an analogous version of the Schrödinger equation. Since in such a setting different types of conjugates of bicomplex numbers appear, each defines a separate class of time reversal operator. We are thus in a position to explore the corresponding extensions of parity (P)-time (T)-symmetric models by generalizing the concept of an extended phase space. Applications to the problems of harmonic oscillator, inverted oscillator and isotonic oscillator are considered and many new interesting properties are uncovered for the new types of PT symmetries.
Introduction
At a fundamental level numerous extensions of quantum mechanics have been envisaged to meet the growing challenges that the theory has thrown up from time to time. Inclusion of the field of quaternions was an important advancement made by Birkhoff and von Neumann [1] about eighty years ago to represent the pure states of a quantum system on any associative division algebra (see also [2, 3, 4, 5] and the references therein). Against such a pursuit the commutative ring of bicomplex numbers [6] has emerged as a viable discipline and indeed found a number of applications over the years in different directions of quantum theory [7, 8, 9, 10, 11] .
With the advent of models of parity (P)-time (T) symmetry [12] , also claimed to be [13] a plausible alternative to the requirement of Hermiticity that is implicitly relied upon as a guiding axiom in the standard quantum mechanics picture [14] , there have been not only some active theoretical developments but more importantly some experimental ones as well ([15] - [21] ). In general, non-Hermitian Hamiltonians, including a subclass of those coming under the pseudoHermitian framework that is supposed to hold the roots of PT [22] , appear in diverse areas of physics such as, quantum optics, cosmology, atomic and condensed matter physics, magnetohydrodynamics, among others. For detailed reviews of theoretical results and their applications see [13, 23, 24] and references therein.
In a recent study of the eigenvalue structure of Bose-Einstein condenstates in a PT-symmetric double well, Dast et al [25] identified the category of nonlinear sectors in them and the idea of PT-symmetry was extended to such systems. This necessitated an analytic continuation from the complex to four dimensional hypercomplex numbers, namely, the bicomplex numbers with a commutative multiplication. Such a continuation along with the extension of the concept of PT-symmetry onto the domain of bicomplex algebra introduces new symmetries and leads to bifurcation scenarios and also uncover the existence of new exotic properties in the system [26] .
Motivated by these works we aim to acquire, in the present study, deeper insights into the nature of energy eigenvalues and eigenfunctions of the analogous Schrödinger equation (ASE) corresponding to a bicomplex Hamiltonian and investigate the role of the extended PT-symmetry principles.
In a general way the standard Schrödinger Hamiltonian H(x, p) can be bicomplexified considering each physical variable x and p as a bicomplex entity and generalizing the concept of the extended complex phase space [27, 28] by defining
where (x 1 , p 1 ), (x 2 , p 2 ) are canonical pairs of phase space variables and p = −i The Hamiltonian governing such a quantum system can be decomposed as H(x, p) = H(x 1 , p 1 , x 2 , p 2 ) = H 1 (x 1 , p 1 , x 2 , p 2 ) + iH 2 (x 1 , p 1 , x 2 , p 2 ).
The plan of this article is as follows: in section 2 we review the properties of bicomplex numbers [29] , in section 3 we formulate the bicomplex version of the ASE, in section 4 and section 5 we study the role of different extensions of PT-symmetry defined over the bicomplex algebra carrying out the reduction of the ASE into a system of four coupled partial differential equations whose analytic properties are responsible for the resulting structure of energy eigenvalues and ground-state eigenfunctions, in section 6 we apply our approach to the typical problems of harmonic oscillator, inverted oscillator and isotonic oscillator ending up finally in section 7 to present the summary of our findings.
Preliminaries
We note that the set of complex numbers C consists of elements obtained by duplication of the elements of the set of real numbers R as induced by a non-real unit i obeying i 2 = −1 in the form
We consider repetition of this duplication process on the members of C in the presence of a new imaginary unitî with the propertieŝ i 2 = −1; iî =îi; aî =îa, ∀a ∈ R to extend C onto the set of bicomplex numbers
In (2.2) an additional structure of commutative multiplication is imbedded.
Representing z 1 and z 2 as defined in (2.1) i.e. z 1 = x 1 + ix 2 and z 2 = x 3 + ix 4 , a bicomplex number acquires the form
Clerly ω is a combination of four units: the unity 1, two imaginary units i andî and one non-real hyperbolic entity iî(=îi) for which (iî) 2 = 1. In particular if x 2 = x 3 = 0 the bicomplex number goes over to the hyperbolic number. Looking into the algebraic structure of T it thus becomes a commutative ring with unit.
For two arbitrary bicomplex numbers ω = z 1 +îz 2 and ω
∈ C, the scalar addition and scalar multiplication obey the rules
Conjugates and moduli
Because of the operating three distinct imaginary units it is evident that a bicomplex number should admit the respective conjugates. Indeed, for any ω = z 1 +îz 2 ∈ T, the possible conjugates are defined as follows
for any ω 1 , ω 2 ∈ T and k = 1, 2, 3.
For the three conjugates, a bicomplex number can have the corresponding three moduli
(2.10)
Further the usual Euclidean norm . : T → R of ω reads
The inverse of ω is given by
If ω is singular then
holds.
Idempotent representation
For later use we introduce two bicomplex numbers Evidently e 1 , and e 2 are orthogonal as well as idempotent. They offer us a unique decomposition of T in that for any ω = z 1 +îz 2 ∈ T
is the projection.
Analogous Schrödinger Equation
To construct a stationary ASE corresponding to the bicomplex Hamiltonian we need to analytically continue (1.1) on the bicomplex ring T in the manner
where (x 1 , p 3 ), (x 4 , p 2 ), (x 3 , p 1 ), (x 2 , p 4 ) stand for phase space variables.
Let us consider specifically the decompositions of x and p in the form
where (x 1 , x 2 , x 3 , x 4 ) are the components in the coordinate space and (p 1 , p 2 , p 3 , p 4 ) are the components in the momentum space.
Following the definition of momentum operator in T [30] 
where ξ stands for
Further while ξ 1r , ξ 1i , ξ 2r , ξ 2i are real numbers, the variables in the pair ξ 1 , ξ 2 cannot assume the value of unity simultaneously.
Using the representation
the momentum operator p can be cast in the explicit form
Comparing with (3.3) gives
In the presence of an acting potentialṼ (x), the Hamiltonian H(x, p) reads (in units of = m = 1)
where
For the energy termẼ and wavefunction ψ(x) ≡ ψ(x 1 , p 1 , p 2 , x 2 ), the ASE then turns out to be as given by
Extended Time Reversal operators
The three types of conjugates of bicomplex numbers introduced earlier admit the corresponding time reversal operators as will be explained in the following discussions.
T i -symmetry
First of all, we observe from the conjugation relation (2.6) that a class of time reversal operator T i can be defined as identified by
With the parity operator P obeying
it easily follows from the PT-symmetric character of p that the following features of T i hold:
The restriction on ξ is to be noted:ξ = ξ implies either ξ 1 = ξ 2 i.e. ξ 1 , ξ 2 are both real or ξ 1 = −ξ 2
i.e. ξ 1 , ξ 2 are both purely imaginary with respect to the unit i. It is also to be remembered that the symmetry operator PT transforms in the coordinate space as x → −x. The Hamiltonian H as given in (3.7) is then PT i -symmetric only if
Here PT i is unbroken if ψ(x) as an eigenfunction of H is also an eigenfunction of PT i , otherwise
PT i is a broken in the standard way [12] .
Tˆi-symmetry
Next following the conjugation relation (2.7) we can define a second type of time reversal operator
Tˆi that transforms according to
As such
and ξ 1 = ±ξ 2 .
Here corresponding to Tˆi, x transforms as x → −x and H is PTˆi-symmetric only if
Also PTî is unbroken if ψ(x) as an eigenfunction of H is an eigenfunction of PTˆi; otherwise this symmetry is broken.
T iî -symmetry
Finally, following the conjugation relation (2.8) we can define a third type time reversal operator T iî that undergoes transformations as
and may be looked upon [25] as the combined operations of T i and Tˆi where T i again has the physical interpretation of time reversal and its action in the coordinate space amounts to the replacement i → −i. Analogously we can define Tˆi as the complex conjugationî → −î which, however, has no immediate physical interpretation.
Following the PT-symmetric character of p we also observe that
where the restriction on ξ is such that either ξ 1i = ξ 2i = 0 i.e. ξ 1 and ξ 2 are purely real or ξ 1r = ξ 2r = 0 i.e. ξ 1 and ξ 2 are purely imaginary with respect to the imaginary unit i.
Like in the previous two cases here we see that PT iî : x → −x and as a consequence H, given in (3.7), is PT iî -symmetric only if
Furthermore PT iî is unbroken if ψ(x), being an eigenfunction of H, is also an eigenfunction of PT iî otherwise PT iî -symmetry is broken.
General results
The general four-component form of V, E, ψ can be expanded to be
where ψ j , V j ; j = 1, 2, 3, 4 are functions of
Substituting (5.1)-(5.3) into (3.9) a straightforward algebra leads to the following set of rela-
Using the Cauchy-Riemann conditions [29] :
in (5.4)-(5.10) we thus obtain a set of coupled equations
It is convenient to represent (5.11) in the matrix form
(5.14)
We now write down M and ǫ with respect to the idempotent basis matrices ε 1 , ε 2 in their unique representation namely,
(for a discussion of the unique decomposition of ω in its idempotent representation, see Appendix B) where M 1 , M 2 and ǫ 1 , ǫ 2 stand for 
To proceed further, we employ (5.17) and (5.18) to project equation (5.19) and (5.20) in their explicit forms
From equations (5.21) and (5.22) we then obtain
On the other hand, equations (5.23) and (5.24) give us
27)
Solving now equations (5.25)-(5.28) we derive the expressions for E i , i = 1, 2, 3, 4 as follows
29)
30)
31)
Making an ansatz for ground state wave function ψ(x):
3) gives for each component
The above terms when substituted in (5.29)-(5.32) gives
(5.36)
(5.37)
The above expressions of E 1 , E 2 , E 3 , E 4 are the central results of our paper. We now turn to their applications.
Applications

Harmonic oscillator
We first consider the simplest example of the harmonic oscillator whose potential is given bỹ
Then from (5.1), the V i 's (i = 1, 2, 3, 4) emerge as
In order to determine the energy and ground state wave functions, we express the real and imaginary parts of the g i 's (i = 1, 2) appearing in (5.33) as combinations of new quantities G i 's
where the G i 's are functions of (x 1 , p 1 , p 2 , x 2 ).
Assuming G 1 to be of the form
where α, β, γ, δ are real constants, and utilizing the Cauchy-Riemann conditions
the function G 2 gets restricted to an expression of the type
Similarly the Cauchy-Riemann relations
requires G 3 to be in the form
Lastly from Cauchy-Riemann relations
G 4 turns out to be
Referring to (6.2), we solve for g i 's to obtain
8)
9)
The above solutions enable us to get for the energy values
which are subject to the constraints
The values of the parameters can be distinguished by two types of results
Type II :
signalling the existence of two types of energy values and wave functions. These are summarized below:
(a) Type I:
(6.13)
14)
15)
16) 17) and (b) Type II:
(6.18)
19)
20)
21)
Several remarks are in order:
From the expression (3.8) of the reality of the left hand side restricts us only to the possibilities
Thus substituting (6.13) into the last relation of (3.10) we encounter a real energy spectrum for Type I wave functionẼ
However, from (6.18) we are led to a hyperbolic type of energy values for the Type II wave
Other aspects of our results are as follows:
(i) It is easy to see that, under PT i ,Ṽ (x) obeys
Since PT i ψ(x) = ψ(x), it is evident that PT i -symmetry of H is unbroken.
(ii)Ṽ (x) also obeys under PTˆi
it is implied that PTˆi-symmetry of H is unbroken.
(iii) Further from invariance ofṼ (x) and ψ(x) under PT iî i.e.
it follows that PT iî -symmetry of H is unbroken too.
A different scenario emerges for Type II solutions:
ψ(x) does not show the same feature:
for any scalar λ. Hence we conclude that PT i -symmetry of H is broken.
(ii) Corresponding to PTˆi operator we also find
for any scalar λ signalling that PTˆi-symmetry of H is broken.
(iii) The situation is however different for PT iî . An unbroken nature of PT iî -symmetry is revealed from the following relations
Inverted (Parabolic) oscillator
For the problem of inverted (parabolic) oscillator acting upon the potentialṼ = ξ 2 V where (a) Type I :
(6.27)
(6.28)
(6.29)
(6.32)
33)
34)
35)
(6.36)
Corresponding to the above results we find for ξ 1 = ξ 2 the broken character of PT to hold (i) For the PT i operator
where PT i ψ(x) = λψ(x) for any scalar λ and so PT i -symmetry of H is broken.
(ii) For the PTˆi operator
where PTˆiψ(x) = λψ(x) for any scalar λ and so PTˆi-symmetry of H is broken.
(iii) For the PT iî operator
where PT iî ψ(x) = λψ(x) for any scalar λ and so PT iî -symmetry of H is broken.
Isotonic oscillator
We now address the problem of isotonic oscillator which is governed by the potentialṼ = ξ 2 V where
From (5.1) we then obtain
The above terms suggest that we consider an ansatz for G 1 in the form
Then proceeding in the same way as followed in the case of the harmonic oscillator we find
39)
40)
These expressions for G i 's (i = 1, 2, 3, 4) yield
42)
44)
Substituting ing the above solutions in (5.35) and (5.38) we get the constraints
A plausible set of viable solutions for the real parameters α i , β i : i = 1, 2, 3, 4 is given by
8 , Using the results in (6.55), equations (5.36) and (5.37) imply
Furthermore on comparing the last relation of (6.57) with (6.52) we find β 3 = We thus have two types of solutions for the parameters:
Type I :
Now looking at the isotonic oscillator potentialṼ given by (6.37) we observe that ξ 2 must be a negative real number because a is negative. So from (3.8) we obtain ξ 1r = ξ 2r = 0 while 
(6.60)
For the extended PT-symmetry for Type I solutions we therefore find the typical unbroken character of PT :
where PT i ψ(x) = ψ(x) and so PT i -symmetry of H is unbroken.
(ii)
where PTˆiψ(x) = ψ(x) implying PTî-symmetry of H is unbroken.
(iii)
where PT iî ψ(x) = ψ(x) so that PT iî -symmetry of H is unbroken.
(b) Type II: The results are Hence for Type II solutions our conclusions are that PT-symmetry works in a mixed way:
PTˆiṼ ( where PTˆiψ(x) = λψ(x) for any scalar λ and so PTˆi-symmetry of H is broken.
where PT iî ψ(x) = ψ(x) and so PT iî -symmetry of H is unbroken.
Summary
To summarize we took up in this paper a quantitative analysis of bicomplex algebra that leads to 
